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Abstract. We obtain a criterion for the quasi-regularity of generalized (non-sectorial) Dirich- 
let forms, which extends the result of P.J. Fitzsimmons on the quasi-regularity of (sectorial) 
semi-Dirichlet forms. Given the right (Markov) process associated to a semi-Dirichlet form, we 
present sufficient conditions for a second right process to be a standard one, having the same 
state space. The above mentioned quasi-regularity criterion is then an application. The con- 
O ■ ditions are expressed in terms of the associated capacities, nests of compacts, polar sets, and 
quasi-continuity. A second application is on the quasi-regularity of the generalized Dirichlet 
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^ I forms obtained by perturbing a semi-Dirichlet form with kernels. 
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2 ■ 1 Introduction 



The theory of Dirichlet forms is a powerful tool in the study of Markov processes, since 
^ I it combines different areas of mathematics such as probability, potential, and semigroup 
■ theory, as well as the theory of partial differential equations (see monographs [9], [H] 
. and references therein). For instance, the classical energy calculus in combination with 
^ . the potential theory of additive functionals allows to obtain an extension of Ito's formula 
^ ! for only weakly different iable functions, i.e. functions in the domain of the form. This 
celebrated extension of Ito's formula where the martingale and the possibly unbounded 
variation drift part are controlled through the energy is well-known as Fukushima's de- 
composition of additive functionals (see e.g. [HI Theorem 5.2.2]). 

Until recent years the applicability of Dirichlet form theory was limited to symmetric 
\ Markov processes (see |9]) or, more generally, to Markov processes satisfying a sector 
\ condition (cf. p3]; see also sections 7.5 and 7.7 from pj for the connections with the right 
processes). Within the theory of generalized (non-sectorial) Dirichlet forms (see [Hj, and 
pi] for the associated stochastic calculus) this limitation has been overcome since in this 
generalized framework only the existence of a positive measure jjl is required for which the 
transition semigroup of the Markov process operates as a Co-semigroup of contractions on 
L^(/i). In particular, as no sector condition has to be verified, the theory of generalized 
Dirichlet forms is robust and well-suited for far-reaching perturbation methods. 
A central analytic property in the theory of symmetric, sectorial, and non-sectorial Dirich- 
let forms is the quasi-regularity of the forms, because only such forms can be associated 
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with a nice Markov process, i.e. a standard process (see [TS| IV. Theorem 3.1]). Moreover, 
after review of [21] and the present paper one can recognize that a stochastic calculus 
for generalized Dirichlet forms can be developed by only assuming the standardness of 
an associated process and the existence of an excessive measure for the underlying L^- 
space of the form (such a measure is called an excessive reference measure). On the 
other hand it was shown in that any right continuous Markov process can be related 
to a generalized Dirichlet form with excessive reference measure. We were hence led to 
the following question: Given a right Markov process X on a fairly general state space. 
Under which additional analytic condition is X a standard process ? This question has 
first been investigated in [8] under the additional condition that X is associated with 
a semi-Dirichlet from (see [13]). A different approach and several extensions have been 
developed in sections 3.7 and 7.7 from [1]. Moreover as an application in [8] the theory 
of Revuz measures in the semi-Dirichlet context is developed and it is shown that quasi- 
regularity is invariant under time change. In particular, if there is an excessive reference 
measure then the developed theory of Revuz measures can be related to the context of 
classical energy (see P| (4.19) Remarks]). Hence from the point of view of applications it 
is interesting to investigate the question which additional analytic condition leads to the 
standardness in the case of generalized Dirichlet forms or likewise in the case of any right 
Markov process. This is what we do in subsections 13.11 and [2] respectively. 
The definition of standard process is quite abstract and technical but one can say in gen- 
eral that the standardness property and there mainly the quasi-left continuity connects 
the analytic with the probabilistic potential theory. For a right Markov process that is 
not quasi-left continuous only capacity zero sets are polar and not vice versa (see Remark 
12.3( a) for more on this). 

Our main application is an extension of a result in [8J to the case of non-sectorial general- 
ized Dirichlet forms and can roughly and abridged be stated as follows. Given two right 
Markov processes on the same state space from which one is associated to a semi-Dirichlet 
form A and from which the other one is associated to a generalized Dirichlet form whose 
sectorial part is given by A. Then the second process is standard if the capacities of 
both forms are equivalent (cf. Remark 13.1( b). Theorem I3.3( z)). Of course, if the two 
bilinear forms coincide we may assume that both right Markov processes are the same. 
Then the condition on the capacity is trivially satisfied and we obtain the original result 
from [8], i.e. that a right Markov process that is associated with a semi-Dirichlet form is 
automatically a standard (Markov) process. For the mathematically precise formulation 
of our main result and why we recover the case of semi-Dirichlet forms see the paragraph 
right in front of Theorem 13.31 and the theorem itself. It is important to mention that 
since we compare the second process with an "elliptic" sectorial process associated with 
a semi-Dirichlet form, we are not able to handle the time-dependent case. We guess that 
the time-dependent case can be handled by comparing the second process to a standard 
process associated with a time- dependent Dirichlet form (see [15], [IZ]). This "guess" 
might be subject of future investigations. 

Once the standardness is shown, as in the original paper [S], we can derive the quasi- 
regularity of the associated Dirichlet form (see Theorem I3.3( ii)). The tightness, i.e. the 
existence of a nest of compacts, is automatically satisfied if we only slightly concretize 
the state space (see Remark 12.31 (6) and (c)), and the special property is in contrast to 
[H], and [18], not used in order to show that the process resolvent applied to bounded 
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L^-functions is quasi-continuous, i.e. that the process is properly associated in the resol- 
vent sense with the form (see Remark 13.41) . For the quasi-regular generalized Dirichlet 
form and the associated standard process all results from [18], and [21j will be available 
(cf. first paragraph of section |3]). 

In subsection 13. 21 we present an application where the resolvent of a right Markov process 
is explicitly given as the perturbation of the resolvent of a quasi-regular semi-Dirichlet 
form. Typical examples are given through perturbations with the /3-potential kernel 
of a continuous additive functional (see |3]) and by a potential theoretical approach to 
measure- valued discrete branching (Markov) processes (see [5]). First, in subsection 13.21 
we develop general conditions for the perturbed resolvent to be associated with a stan- 
dard process X (see Proposition I3.7( ii). and (iii)). Then, under the absolute continuity 
condition, in subsection 13.31 we construct explicitly a quasi-regular generalized Dirichlet 
form that is properly associated in the resolvent sense with X (see Corollary I3.10p . As in 
[16] the generalized Dirichlet form is constructed directly from its generator which is also 
the generator of the underlying Markov process, i.e. the L^-infinitesimal generator of the 
transition semigroup (pf)t>o of the Markov process (cf. fl3.7p and paragraph below). In 
this application we would like to emphasize two points. First, we do not obtain as usual 
the standard process by showing regularity properties of the form. We rather show that 
the form is associated to a standard process and from this we derive its quasi-regularity. 
Second, this application shows that the theory of generalized Dirichlet forms is well-suited 
for far-reaching perturbation methods as we do not need any sector condition to be veri- 
fied after the perturbation. 

Our mentioned applications from section [3] are essentially based on the results that we 
develop in section |2] (see Theorem 12. 7p about the sufficient conditions which ensure that 
the standardness property is transfered from a right (Markov) process to a second one. 
We use several analytic and probabilistic potential theoretical tools (as implemented in 
[T], [2], and [1]; see also [B] for further applications) hke the capacities associated to a 
right process and their tightness property, the quasi-continuity, Ray topologies and com- 
pactifications, and the fine topology. We complete the second section with the treatment 
of the weak duality hypothesis frame (Theorem 12. 8p . 



2 Standardness properties 

Let X = {Q, , J^t, Xt, 9t, P^) be a Borel right (Markov) process whose state space is a 
Lusin topological space {E,T), and let U = {Ua)a>o be its associated sub-Markovian 
resolvent. 

Let /3 > be arbitrary. Recall that the Borel a-algebra B on E is generated by the 
set S(Up) of all S-measurable Z///3-excessive functions, where := (f//3+a)a>o- We further 
recall that a universally measurable function / is said to be Z^/^-excessive if aUpj^af f 
point wise as a oo. 

Let /i be a cr- finite measure on {E, B). We say that the right process X is n-standard 
if for one (and hence all) finite measures A which are equivalent to it possesses left 
limits in E P^-a.e. on [0,() and for every increasing sequence (T„)„ of stopping times 
with Tn T we have Xt^ — y Xt P^-a.e. on {T < C}? C being the lifetime of X. If in 
addition J^^ = Vn-^TL then X is called ^-special standard (cf. Section 16 in |llj). 
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A Ray cone associated with W is a convex cone TZ of boundedS-measurable, W^- 
excessive functions such that: 

• The cone TZ contains the positive constant functions and is min-stable. 

• f//3((7^ - 7^)+) C 7^ and ^7a(7^) C n for all a > 0. 

• The cone TZ is separable with respect to the uniform norm. 

• The (T-algebra on E generated by TZ coincides with B. 

One can show that for every countable set A of bounded S-measurable, W/j-excessive 
functions there exists a Ray cone including A. 

The topology Tji on E generated by a Ray cone 7Z (i.e. the coarsest topology on E 
for which every function from TZ is continuous) is called the Ray topology induced by TZ. 

A Lusin topology on E is called natural (with respect to U) if its Borel cr-algebra is 
precisely B and it is smaller than the fine topology on E (with respect to U). We recall 
that the fine topology with respect to U is the topology on E generated by all W^-excessive 
functions. The initial topology T as well as any Ray topology are natural. Further note 
that U is the resolvent of a right process with respect to any natural topology (cf. [J). 

If /3 > 0, then for all u G £{Up) and every subset A of i? we consider the function 

R'^u := 'mi{v G £{Ui3)\ v>uon A}, 

called the /3-order reduced function of u on A. It is known that ii A E B then R^u is 
universally S-measurable and if moreover A is finely open and u G pB then R^u G pB. If 
A = E we simply write Rpu instead of R^u. 

Let A be a finite measure on {E,B). We also fix a strictly positive, bounded Ujs- 
excessive function po of the form po = Upfo, with fo G pB, < fo < I- 

Since U is the resolvent of a right process X, the following fundamental result of G. 
A. Hunt holds for all A e B and u e S{Up): 

Rju{x) = E^e-^^'^uiXD^)) 

where Da is the entry time of A, Da = inf{t > 0| Xf E A}; see e.g. [7]. 
It turns out that the functional M i — > c^(M), M G E, defined by 

(M) = inf{A(i?^Po)| GeT, M gG} 

is a Choquet capacity on {E, T). 

The capacity cf on {E,T) is called tight provided that there exists an increasing 
sequence {Kn)n of T-compact sets such that 

infcf(^\K„) = 

n 

(or equivalently inf„ R^'^^^po = A-a.e.) which is also equivalent to 

P\limDE\K„<O = 0. 

n 

In particular, if the capacity cf on [E, T) is tight for one /? > then this happens for all 
/3 > 0. Similarly, the following assertion holds: 
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Remark 2.1. If{Gn)n 'is a decreasing sequence ofT-open sets such that there exists /3 > 
with inf„ c^(G'„) = then the equality holds for all (3 > 0. 

A set M is called X-polar with respect to U provided that there exists A & B, M G A, 
such that Ta = oo F^-a.e., where Ta is the hitting time of A, Ta = mi{t > 0\ Xt E A}. 

A real valued function u e SiMp) is called regular provided that for every sequence 
{un)n in SiUjs), Un u, we have inf^ R/^^u — Un) = 0; see [1] for more details on regular 
excessive functions. It is known that (see e.g. [7]) if the process X is transient, then a 
bounded function u G £{U) is regular if and only if there exists a continuous additive 
functional having u as potential function. A real valued W/j-excessive function u is called 
\-regular with, respect to Up, provided there exists a regular W^-excessive function u' such 
that u = u' \o [/g-a.e. 

Proposition 2.2. The following assertions hold. 

(i) A E B is X-polar with respect to U and X-negligible if and only if X{R'^po) = 0. 
Consequently if a Borel set is of c^- capacity zero then it is X-polar and X-negligible 

(a) Assume that one of the following two conditions is satisfied: 
(a. a) The topology T is a Ray one. 

(ii.b) Every Up-excessive function dominated by Upfo is X-regular. 

Then c^^{A) = X{RpPo) for all A E B and in particular the sets which are X-negligible 
and X-polar are precisely those having c^-capacity zero. If condition {ii.b) holds then the 
capacity is tight in any natural topology. 

Proof, (i) The first statement in (i) is immediate from the definitions. For the second we 
present two proofs, a direct one for the convenience of the reader, and a shorter alternative 
proof based on known results: 

Direct proof: If c^{A) = then there are open sets Uk ^ A with c^{Uk) — )■ as /c — )■ oo. 
Define Fk:= E\ {r\i<kUi). Then Ac E\Fk ioi all k, hence 



Alternative proof: (a) If the topology T is a Ray one then the assertion is a direct 
consequence of Proposition 1.6.3 in pj. 

(b) If the topology T is only natural, then there exists a Ray topology Tr which is finer 
than the given topology T (we use this procedure in the proof of (ii)). Therefore, if a set 
A has zero capacity w.r.t. the capacity constructed using T, then A is of zero capacity if 
we replace T by Tr, hence it is A-polar by (a). 



We have c' 



and so 
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(ii) If [ii.a) holds then the assertion follows from Proposition 1.6.3 in [T]. 

Assume that {ii.b) is verified. Using Proposition 2.1 in [2] we may consider a Ray cone 
TZ (formed by W/j-excessive functions) such that the topology Ttz generated by 71 is finer 
than the given natural topology T. By (ii.b) and Theorem 3.5.2 in [I] it follows that the 
capacity is tight in the Ray topology Tr and therefore also in the topology T. 

Let A E B and £ > 0. We consider a 77^-compact set K such that c^(-E \ K) < |. By 
the above considerations and the definition of there exists a T^j-open set G such that 
A C G and cJ(G') < A(i?^Po) + f • Let Go = (G n U \ K). Then A C Go and since 
7^1^ = r|x, it follows that the set Go is T-open. We have c^(Go) < c^(G n + c^(£; \ 

< \{R^po) + ^ and we conclude that, considering as a capacity on (i?, T), we have 
ci{A) = X{R^p,). □ 

Remark 2.3. (^aj For the converse of the second statement in Proposition \2.2\( i) in 
general one needs at least the quasi-left continuity of X . For instance, if X is X- 
standard, then the converse holds. In this sense a X-standard process connects the 
analytic capacity related to excessive functions and the process capacity related to 
polar sets. 

(b) Let n be a a-finite measure on E. Recall that the right process X is said to be /u-tight 
provided there exists an increasing sequence {Kn)nm ofT-compact (metrizable) sets 
in E such that P^^ {limn^oo De\k„ < C) = 0- -^^ particular, if X is a finite measure 
on E, then the X-tightness of X is equivalent to the tightness of for some (3 > 
(see explanations right before Remark \2.1\) . 

(c) Suppose that the right process X has P^-a.e. left limits in E up to C, and that E is 
a metrizable Lusin space. Then X is automatically n-tight (see fT4\ IV. Theorem 
1.15]). In particular, X is automatically fx-tight if X is ^-standard (since the exis- 
tence of the left limits up to C P^-a.e. is part of the definition of the fi-standardness). 

The main argument in the proof of the next result is a modification of the proof of 
ii) =^ i) from Theorem 1.3 in [2]. 

Proposition 2.4. Assume that the topology T is generated by a Ray cone TZ and let /i be 

a a-finite measure on {E,B). Then the following assertions hold. 

(i) If the process X is fi-tight, then it is ^-standard. 

(ii) If the P-subprocess of X is fi- standard for some /? > then X is also ^-standard. 

Proof, (i) Suppose that X is /i-tight and let A be a finite measure on E which is equivalent 
with fi. By assertion {b) of Remark 12.31 the capacity is tight and let (i^n)n be an 
increasing sequence of T-compact subsets of E such that inf„ R^'^^"po = A-a.e. We 
denote by K the Ray compactification of E with respect to TZ (see, e.g., section 1.5 in 
[Ij). Since for every u E 7Z the process (e~^*tt(X())t>o is a bounded right continuous 
supermartingale with respect to the filtration {J^t)t>o it follows that (cf. [7]) this process 
has left limits P^-a.e. Since the Ray cone 7Z is separable with respect to the uniform norm, 
it follows that the process {Xt)t>o has left limits in K P^-a.e. From lim„ R^'^^"po = 
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A-a.e. and X{Rg^ "po) = E^{jS, e'^^ fo{Xt)dt) we deduce that smVu^exk,, > C P^- 

' E\Kn 

a.e. Hence for every uj E Q with Te\k„{^) < Ci^) have Xt{u) G Kn provided that 
t < Te\k„{i^) and so Xt^^cu) e Kn- Consequently the process {Xt)t>o has left limits in E 
P^-a..e. on [0,C)- By Theorem (48.15) in [20j we get that the (O)-process is A-standard. 

(n) If a /3-subprocess of X is /x-standard, then from Remark 12.31 (c) (see also [12] and 
[2]) it follows that X is yu-tight and by (z) we get that X is //-standard. □ 

A set M G i3 is called X-inessential (with respect to U) provided that it is A-negligible 
and Rfl = on E\M. 

Remark 2.5. If M E B is a X-inessential set then we may consider the restrictions X\f 
of the process X to the "absorbing set" E := E\ M. Note that [/^(Ijv/) = on F and the 
resolvent associated with X\f is precisely the restriction IA\f of U to E. The following 
assertions hold: 

(a) £{Up\f) = S{Up)\f- In particular the fine topology on E with respect to U\f is the 
trace on E of the fine topology on E with respect to lA. The process X is X-standard 
if and only if X\f is X\f -standard. 

(b) Trivial modification. We consider the trivial modification of U on M (see e.g. 
fJ]! and l^), namely the sub-Markovian resolvent W = {U^)a>o on {E, B) defined 
by: 

U'J = UUaiflF) + -/1m, a>0, feB. 
a 

Then W is the resolvent of a right (Markov) process with state space E. A function 
u e pB belongs to £{U'p) if and only if u\f € £{Ui3\f). Consequently by (a) we have: 
a subset T of E is finely open with respect to W if and only if there exists a finely 
open set To with respect to U, such that FflF = FoflF. In particular every topology 
on E which is natural with respect to U is also natural with respect to W . 

Let V = (V^)a>o be a second sub-Markovian resolvent of kernels on E and assume that 
it is also the resolvent of a right (Markov) process Y with state space E. Let be a cx-finite 
Borel measure on the Lusin space (i?, T) that has full support. We suppose that there is 
a semi-Dirichlet form {A,D{A)) on L'^{E,jj) with associated L^(i?, /i)-resolvent {Ha)a>o 
(see [13]). We further assume that Vaf is a //-version of Haf for any / G L'^{E,ii), and 
a > 0, i.e. that the right process Y is associated with {A, D{A)). In particular 

H^{L^{E,iJ,)) C D{A) densely, 

and 

Aa{IIaf,u) = {f,u)L2(E,f,) 

for all a > 0, / G L'^{E, fj.), and u G D{A), where Aq{-, ■) := A{-, ■) -|- a(-, ■)L^{E,fj.)- 

Let K > he the sector constant of {A, D{A)), i.e. 

\Ai{u,v)\ < KAi{u,uy/^Ai{v,vy^^ for all u,v e D{A). 

We suppose further that the measures A and fi are equivalent. We may and will assume 
that X = fo ■ fJ-. 
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Let cap^ be the capacity corresponding to the resolvent {Va)a>o, i-e. for M C E, it is 
defined by 

cap5(M) = inf{A(:R^y^/„)| GeT, McG}, 

where i?^ is defined as R'^ but w.r.t. V/j, i.e., Rf^u denotes the reduced function of u on 
G with respect to S{Vi3). Analogously to Remark 12.11 these capacities are all equivalent 
for any /3 > 0. Note further that for open sets G, cap^(G) coincides with the so-called 
/o-capacity of G associated with the semi-Dirichlet form {A, D{A)). 

A real valued function on E is called X-fine with respect to U provided it is finely 
continuous with respect to U outside a A- inessential set. Note that a real valued function 
/ on i? is A-fine with respect to V if and only if there exists an increasing sequence 
of finely closed sets with respect to V, such that inf„cap^(£' \ F„) = and /|f„ is finely 
continuous for all n. 

An increasing sequence of T-closed sets (F„)„gN is called c^-nest if 

lim c5(E\E„) = 0. 

n— >oo 

We consider the following conditions on U and V: 
(Al) The sets which are A-polar and A- negligible are the same for U and V. 
(A2) Every cap^-nest is a c^-nest. 

(Bl) The function [/^/ is A-fine with respect to V for every / G bpB. 

(B2) There exists a bounded strictly positive Wyg-excessive function Uo such that every 
W/3-excessive function dominated by Uo is A-fine with respect to V. 

Remark 2.6. (a) Clearly condition (Bl) does not depend on /3 > and {B2) for Uo = 
f/gl implies (Bl). 

(b) Since the resolvent V satisfies condition {ii.h) from Proposition \2.^ (cf. 11]), we 
deduce that the following assertions are equivalent for a set M: 

- the set M is fi-polar with respect to V (in this case M is also fi-negligible) ; 

- the set M is X-negligible and X-polar with respect to V; 

- capl{M) = 0. 

(c) By Remark \2.1\ it follows that condition {A2) does not depend on /? > 0. 

(d) If condition {A2) holds then: 

- A set which is X-polar with respect to V is also X-polar with respect to U; 

- If the capacity cap^ on {E, T) is tight then is also tight. 

A function g E B is called c^^^- quasi- continuous (in short c^-q.c.) provided there exists 
a c^-nest (F„)„gN such that for each n g\Fn is continuous on F„. 
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Theorem 2.7. Assume that condition {A2) is satisfied. Then the following assertions 
hold. 

(i) If {Bl) is verified then there exists a Lusin topology on E which is natural for U 
and for a trivial modification V ofV, such that the right processes having U and V 
as associated resolvents respectively are ^-standard. 

(a) If {B2) is verified then the right processes X having U as associated resolvent is 
ji-standard in the original topology T . In addition, Uaf is c^-q.c. for any f & bB 
and a > 0. 

Proof. We have aheady observed that V (being the resolvent of a semi-Dirichlet form) 
satisfies condition (ii.b) from Proposition 12.21 

every V/j-excessive function dominated by Vpfo is A-regular. 
Consequently (see also Theorem 3.5.2 in |1]), the capacity cap^ is tight and the right 
process having V as associated resolvent is /i-standard in any topology which is natural 
with respect to V. 

(i) According with the usual method of constructing Ray cones (see e.g. [1]) and using 
hypothesis (-B1), there exists a Ray cone IZ associated with U such that every u E IZ is 
A-fine with respect to V. Let IZo be a countable subset of IZ which is dense in IZ in the 
uniform norm. Let Mq be a set which is //-polar with respect to V, and such that every u 
from TZo is finely continuous with respect to V outside Mq. From [T], page 168, it follows 
that there exists a set M which is A-inessential with respect to V such that Mo C M. We 
consider now the trivial modification V of V on M. Note that V is also the resolvent of 
the (quasi-regular) semi-Dirichlet form {A,D{A)) on L'^{E,fi), in particular V satisfies 
condition {ii.b) and if A e B then cap^(A) = cap5(A\ M) = X{'Rf^W^fo) = Xi'R-^V/^fo); 
here 'i?^ denotes the reduction operator on A with respect to V^. By assertion (6) of 
Remark 1^751 we deduce that the topology 7Z is natural with respect to V and we conclude 
that the capacity cap^ is tight in 7??,. Let {Kn)n C E he an increasing sequence of Tr- 
compact sets such that capJ(E \ Kn) = X{'R^''^"V,3fo) < ^ for all n. From Proposition 
12.21 we get for every n a T-open set G„ such that G^-i D G„ D \ and cap^(G'„) < 
cap'l{E\Kn) + By {A2) we deduce that inf„ c^(G„) = and consequently the capacity 

is also tight in Tr.. The claimed /u-standardness property follows now by the above 
considerations and Proposition 12.41 

(n) Passing to the /3-level of the resolvent U and according with Proposition 12.41 we 
may assume that Uo G £{U). We consider now the "Doob Wo-transform of W\ namely the 
sub-Markovian resolvent of kernels IA° = {U°)a>o defined by 

Kf = -UM), fepB,a>0. 

Uo 

The following assertions hold. 

-UvepB then: v G S{Ui^) if and only if ^ G S{U^). 

- A (T-finite measure ^ on {E,B) is W^-excessive (i.e., f o aUp+a < ^ for all a > 0) if 
and only if the measure ■ ^ is W^-excessive. Moreover ^s a potential with respect to 

(i.e., ^ = u o Up, where is a cr-finite measure on E) if and only if — ■ ^ is a potential 
with respect to Up. Consequently, IA° is the resolvent of a Borel right process with state 
space E (cf. Section 1.8 in [1] and |1]). 
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- The fine topologies on E with respect to 14 and 14" coincide. In particular, a topology 
on E is simultaneously natural with respect to U and U°. The A-inessential sets with 
respect to U and U° are the same. 

-U° and V satisfy condition {A2). Condition {B2) implies that: 
{B2') Every bounded W|-excessive function is A-fine with respect to V. 

As in the proof of Proposition 12.21 we consider a Ray cone TZ (formed by W^-excessive 
functions) such that the topology Tr. generated by TZ is finer than the original topology 
T. Similarly, there exists a Ray cone 71° (formed by W^-excessive functions) such that 
the topology Ttjo generated by 71° is finer than 7??,. As before, we consider 7Z°, Mo, M 
and v. From {B2') it follows that Tti° is natural with respect to V. Like in the proof 
of assertion [i) we get now that the capacity cap^ is tight in and since Tn C Tn° we 
deduce by {A2) that the capacity is tight in Tn- Consequently, Proposition 12.41 implies 
the A-standardness property for X mTn and clearly also in the original topology T. 

Let now / G hpB. It is sufficient to prove the second assertion of {ii) for a = j3. Since 
Upf is a A-regular W/3-excessive function, we deduce by Proposition 3.2.6 from [1] that 
it is c^-q.c. in Tn- Let {Kn)n(^n be a c^-nest of 77?,-compact sets, such that Upf\K„ is 
continuous for each n. Because T|i^„ = TuIk^ for all n, we conclude that Upf is also 
c^-q.c. in T. □ 

Recall that the weak duality hypothesis (with respect to the topology T and a measure 
m) is satisfied by lA and a sub-Markovian resolvent lA* = {U*)a>Q provided that U* is also 
the resolvent of a right Markov process with state space E and for all f,g€i pB, a > 
we have 

j fUag dm = j gU*f dm. 

(see e.g. [H] and [1]). 

Note that V (being the resolvent of a semi-Dirichlet form) fits in the frame of the weak 
duality, by choosing an appropriate measure m which is equivalent with ^u; see section 7.6 
inp. 

We assume further that the measure A is absolutely continuous with respect to m. 

Remark. // the weak duality hypothesis is satisfied by 14 and 14* (with respect to the 
topology T and the measure m) then the capacity is tight in the topology T (see JM/)- 
Moreover, by the result of J.B. Walsh [2^ the process X has cddldg trajectories. 

The next theorem shows that, under the weak duality hypothesis for it is (^1) the 
adequate condition leading to the standardness property of the process X. 

Theorem 2.8. Suppose that the weak duality hypothesis (with respect to the topology T 
and the measure m) is satisfied by U and 14*. Assume that condition (Al) is verified by 
14* and V, and that every point of E is fi-polar with respect to V. Then the following 
assertions hold. 

(i) The right process X having lA as associated resolvent is ^-standard in the topology 

r. 

(a) Every lAp-excessive function dominated by Po has a c'^-quasi continuous version. 
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Proof. We show that the axiom of A-polarity holds for U* (i.e., every semipolar set is 
A-polar with respect to U*). Let M G i3 be a semipolar set. By Proposition 1.7.27 and 
Corollary 3.2.16 in [1] there exists a measure u carried by M such that a subset of M 
is A-polar and A-negligible if and only if it is i^-negligible; such a measure u is called 
Dellacherie measure. By condition {Al) it follows that z/ is a Dellacherie measure with 
respect to V and consequently M is a /i-semipolar set. Since the axiom of ;U-polarity holds 
for the semi-Dirichlet forms (see e.g. [8] and Corollary 7.5.20 from jlj) we conclude that 
the set M is //-polar and therefore (by Remark 12.61 (b)) it is A-negligible and A-polar with 
respect to V. Again from [Al) we conclude that M is A-polar with respect to U*. 

Theorem 7.2.9 in [Ij implies now that assertion (n) holds. By Theorem 3.5.2 and 
Proposition 3.5.3 in [1], and Proposition 12.41 we conclude that assertion (i) also holds. □ 



Remark 2.9. The results from Theorem \2. 7] and Theorem \2.8\ remain valid under the 



following hypothesis (which is weaker than assuming that V is the resolvent of a semi- 
Dirichlet form) : condition (ii.b) from Proposition \2.S\ holds. 



3 Applications 

In this section we derive the quasi-regularity property of generalized Dirichlet forms re- 
lated to the resolvent U. Note that we do not aim to derive the //-specialty of the associated 
processes. In particular for the quasi-regular generalized Dirichlet forms all results from 
[18] . and [21] will be available as far as the //-specialty is not concerned. However, this 
property is not really relevant for stochastic calculus and potential theory. It is mainly 
used to show the equivalence of a certain class of processes with a certain class of bilinear 
forms (cf. IV. Theorem 3.5 and Theorem 5.2] and [ISi IV. Theorem 3.1 and Corollary 
3.2]). 

Throughout this section we assume that i? is a metrizable Lusin space. However, this 
assumption is only used in order to apply the tightness result of Remark 12.31 (c) . 



3.1 On the quasi-regularity of generalized Dirichlet forms 

If not otherwise stated we maintain the notations of section [2l In particular, /t is a 
cr-finite Borel measure on the Lusin space (-E, T) that has full support, {A,D{A)) is 
a semi-Dirichlet form on L'^{E,fi) that is associated with a right process Y on E, and 
V = (V^)a>o is the process resolvent of {A,D{A)). From ^ (see also Theorem 7.6.3 
from [Ij) we know that then {A,D{A)) is automatically quasi-regular. We assume that 
there is a generalized Dirichlet form {S,J^) on L'^{E, /i) with associated L'^{E, /x)-resolvent 
{Ga)a>o ( see |T8]) and let A = fodfj, as in the previous section. 

In general {£,J^) is written as 

ci \-l Q{u.,v) - {Au,v) ioi ue 7, V e D{Q) 
!^{u,v) :- I g^^^^^ _ ^^^^^^ ^ ^ ^^^^^ ^ ^ 

where (Q,-D(Q)) is a coercive closed form on L^(£',/i) with sector constant K' > 0, 
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and (■, ■) denotes the dualization between D{Q)' and D{Q) (for the definition of further 
notions cf. again [H]). In particular, by [181 I- Proposition 3.4] we have 

G^{L\E,fi))cD{Q) densely, 

and 

for all a > 0, / G L'^{E, /i), and u E D{Q), where £a{-, ■) := ■) + ■) l'^{e,^i)- In case 
Q = it is considered that D{Q) = L'^{E,fi). It further holds by [HI I. Lemma 2.5(ii)] 
that 

Q{u, u) < £{u, u) for all u E J-', 
and the J-'-norm is defined by 

II^IIj- = IhllD(Q) + \\^u\\l(^Qy, UEJ=. 

It follows that for all m G J-" and v G D[Q) 

< i^'||u||D(Q)||^^||D(S) + ||A^/||z)(Qy||i'||D(Q) 

< K'||M||^||'y||z)(Q) + |hlb||i^||z)(s) = [K' + l)||?i||j-||w||z)(Q)- 
Let us consider the following assumptions on 

(CI) There exists a constant C > such that 

A\{u, u) < CSi{u, u) for all u E J^. 
(C2) G^{L'^{E, fi)h) C D{A) densely for some 7 > 0. 

Remark 3.1. (a) If (C2) holds for some 7 > 0, then it holds for all 7 > 0. 

(b) The assumption that is related to a semi-Dirichlet form {A, D{A)) by (CI), 

and (C2) is qmte natural. Indeed, if {Q,D{Q)) = {A,D{A)) then (CI), and (C2) 
hold by definition (see ITSf ). Typical examples where {Q,D{Q)) = {A,D{A)) are 
the time- dependent Dirichlet forms in IW^ . and [17^ . If Q = on D{Q) = L'^{E,fi), 
then (A, J-") is the I? {^)- generator of some Co-semigroup of contractions on L'^{fi). 
In the applications (cf. e.g. IT^ . 12^ . J2^) {—Au,v) can uniquely be extended at 
least for u,v E J-' to A'^{u, v) —Af{u, v) where A'^ is a (quasi-regular) semi-Dirichlet 
form and Af is some (non- sectorial) positive bilinear form which is represented by 
a ^-divergence free vector field B. The latter means that Af{u, v) = J^{B, Vu) v dfi 
and —Af{u, u) = — ^ J^{B, Vu^) dfi = for enough functions u. Consequently, (CI) 
holds with A = A°, and it turns out in [Wf . l2^ . W^ . that (C2) also holds. 

An element u of L'^{E,fi) is called 1-excessive w.r.t. £ if aCa+iU < u (/x-a.e.) for all 
a > 0. Let V denote the 1-excessive elements w.r.t. £ in D{Q). Define Vjr := {u eV \ 
3f E J^, u < f}. It can be shown that Vjr = {u 1-excessive | 3/ G J-", u < f} (see [HI 
III. Lemma 2.1(i)]). For a T-open set U and an element u E L'^{E, //) such that u-lu < f 
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for some f E J^, let Uu := e^.i^ be the 1-reduced function of u ■ lu as defined in [TS| 
Definition III. 1.8.]. By [HI III. Proposition 1.7] and [HI III. Lemma 2.1(ii)] 3 uu < u 
and uu = u on U for any u G Pjr. 

For u G Pjr there exists ng- G J-" fl P such that (0 <)m^ < tf^, < a < /3, — )■ 
a — )■ oo, strongly in and weakly in -D(Q) and 

= a{{u1f - u ■ lc/)",'y)L2(i?,M) for any w G D{Q). (3.1) 

where (wg- — u ■ lu)~ denotes the negative part of ulf — u ■ lu (see III. Proposition 1.6 
and proof of Proposition 1.7]). Moreover, the solutions -u^, a > 0, to (13. ip are uniquely 
determined. 

An increasing sequence of closed subsets {Fk)k>i is called an £^-nest, if for every func- 
tion u E V n it follows that UE\Fk in L'^{E,fi) and weakly in D{Q). Since with 
ip := fo in [ISl III. Proposition 2.10]) we have Capj-^{E \ Fk) = Jj^{Gifo)E\Fjodfi, it 
follows by the same proposition that {Fk)k>i is an £^-nest if and only if 




A subset C -E is called £- exceptional if there is an £-nest (Ffc)fc>i with A^ C \]{E\Fk). 

k>l 

A property of points in E holds £- quasi- everywhere (abbreviated £^-q.e.) if the property 
holds outside some ^^-exceptional set. 

A function / defined up to some ^^-exceptional set A C i? is called £- quasi- continuous 
(£^-q.c.) if there exists an £^-nest (-Ffc)fc>i, such that |Jfc>i C E\N and f\F^ is continuous 
for all k. 

For later purposes we state the following definitions (see [18i IV. Definitions 1.4 and 
1.7]): 

Definition. X is said to he properly associated in the resolvent sense with {S,J^), ifUag 
is £-q.c. for any g G L'^{E; fi) fl bB, and any a > 0. 

Definition. The generalized Dirichlet form {S,J^) on L'^{E,fi) is ca/Zed quasi-regular if: 

(i) There exists an S-nest {Ek)k>i consisting of compact sets. 

(ii) There exists a dense subset of T whose elements have E-q.c. fi-versions. 

{Hi) There exist Un & J^, n E N, having S-q.c. ^-versions Un, n E N, and an £- 
exceptional set N G E such that {un | n G N} separates the points of E\N. 

Lemma 3.2. Let (CI), {C2) hold. Then we have: 

(i) Vjr C D{A), i.e. every 1- excessive function w.r.t. £ that is dominated by an element 
of is in D{A). 

{ii) uu G D{A), and \\uu\\d{A) < {^{K' + + f\\jr for any u G Vjr withu < f e F 
and any T-open set U . 

{Hi) Every S-nest is an A-nest. 
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Proof, (i) Since ue = u for any u G Vjr (i) follows in particular from (ii) if we put U = E. 
(ii) Let U & T, u E Pjf, u < f E J-", and Mj} for a > be the unique solutions of f l3.ip . It 
follows by (CI) that 

Since — /) < by [ISl III. Proposition 1.4. (ii)] we get 

A(«^ -f,uZ-f)< C{K' + l)\\fh\K - /IId(s). 

for any a > 0. This also holds for A replaced with Q and C = 1, thus — /||d(q) < 
(K' + 1)11/11^, and so 

\K-f\\DiA)<VC{K' + l)\\f\\^. 

Since — )■ in L'^{E, /i) as a — )■ oo it follows from [HI I. Lemma 2.12] that uu G D{A) 
and 

A(^ic/ - f,uu - f) < liminf A(^^^ - j - /). 
Consequently - < ^^(i^' + 1)||/|U. It follows 

\\nv\WA) < \\uu - fWoiA) + \\f\\T < {VC{K' + 1) + 1)||/|U 

as desired. 

{iii) Let (Ffc)fc>i be an £^-nest. By definition of £^-nest we have that gE\Fk — ^ in L'^{E, jj) 
as A; — )■ oo for any 1-excessive function g E T . By (ii) we obtain that 

sup hE\FjD{A) < {VC{K' + 1) + 1)11^11^ < CX). 

fe>l 

Hence we conclude that gE\Fk ~^ weakly in D{A) as A; — ?■ oo for any 1-excessive function 
g E T. Now let / G L^iE^ix)^ be arbitrary. By the preliminary considerations we know 
that 

h ■■= G,f - {G,nE\F, + iG,r)E\F, e DiA), 

and that fk — )■ Gif weakly in D{A) as A; — )■ oo (/+, denote respectively the positive 
and negative parts of /). By Banach-Saks theorem we know that there is a subsequence 
{nk)k>i such that the Cesaro means Vjy := J2k=i f^k converge strongly to Gif in D{A). 
Note that for each N there is some k (e.g. k = n^) such that vjy G D{A)Fk ■~ ^ 
D{A) \ u = fi-a.e. on E\ Fk}. Using (C2), and Remark 13.1( a) we then see that 

IJ D{A)Fk C D{A) densely. 

k>l 

Thus (Ffc)fc>i is an ^-nest by [13^ Definition 2.9(i)]. □ 

Let (as in section [2]) X = {Q, T , Tt, Xt, 9t, P^) be a Borel right Markov process whose 
state space is (i?, T) and whose resolvent is W = (Ua)a>o- 

Now, we assume that Uaf is a /i- version of Gaf for any a > and / G L'^{E,fj,), 
i.e., we assume that the right process X is associated with the generalized Dirichlet form 
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As already mentioned in Remark ISTlT b) in [19], [22], [23], assumptions (CI), (C2) hold 
with C = 1 and equality in (CI). This suggests that the capacities corresponding to £ 
and A should be equivalent and this is indeed the case in [TH] , [22] , [23] • A general state- 
ment, however, even with additional assumptions is yet unshown. Therefore we assume 
{A2) in the following theorem and repeat that the conditions (A2), (CI), and (C2) are 
satisfied by the "elliptic" generalized Dirichlet forms given in [19], [22], [23], and moreover 
by any semi- Dirichlet form. Note however, that even though (CI), and (C2) are trivially 
satisfied for the time-dependent Dirichlet forms in and [17], (^2) is not. 

Theorem 3.3. Suppose that {A2), (CI), and (C2) hold. Then: 

(i) {B2) holds for any (3 > 0. In particular, the right process X associated to the 
generalized Dirichlet form {S,J-') is jd-tight ^-standard in the original topology T. 
In addition, X is properly associated in the resolvent sense with {S,J^). 

(a) The generalized Dirichlet form {S,J-') is quasi-regular. 

Proof, (i) It is enough to show the statement for {3 = 1. Let ip G L^{E,fi), < < 1. 
Define Uo '■= Uif. Let u be an Wi-excessive function such that u < Uo. Since Uiip is a 
/i-version of some element in J-", m is a ^u- version of some element in Vjr. Thus by Lemma 
I3.2( i) uis a, /i- version of some element in D{A). Since the semi-Dirichlet form (^, D{A)) 
is quasi-regular, u has an ^-q.c. ^-version u. In particular by {A2) u is £^-q.c, thus A-fine 
w.r.t. U. Since u is also A-fine w.r.t. U and u = u /i-a.e, we have that u = u £-(\.e. But 
then by Lemma [3^ {Hi) u = u ^-q.e. and therefore u is ^-q.c. It follows that u is /i-fine 
with respect to V. Consequently {B2) holds as desired. 

The second assertion follows by Theorem 12.71 iii) and Remark 12.31 (c). 

(u) By (i) we have //-tightness, and so there exists an increasing sequence (i^n)n of 
T-compact sets such that 



Since "Uifo < Uifo and "Uifo G £{Ui) we know that R^ "Uifo is a /x-version 
of some element in Pjf. Since moreover Ri^^"Uifo = Uifo on E\Kn we conclude by [HI 
III. Proposition 1.7 (ii)] that iGJo)E\E, < Rf'^'^Uifo fi-a.e. Hence by (K^ 



and so there exists an £^-nest of T-compact sets. As in [TH I. Remark 3.5] we conclude 
that Gi{L'^{E; fj.)b) C J-' densely. By part (i), X is properly associated in the resolvent 
sense with {£,J^), i.e. Uig is £^-q.c. for any g G L'^{E; y) fl bB. Thus every element of the 
dense subset Ci(L^(£'; //){,) in T admits an £^-q.c. //-version. 

Since again X is properly associated in the resolvent sense with {£., J-') we obtain as in |18[ 
IV. Lemma 3.9] that R^Uifo is £^-q.l.s.c. Let {Kn)n be a sequence of T-compact sets as at 
the beginning of this proof. As in [T8| IV. Lemma 3.10] we show that P'^'(lim„_j.oo De\k„ < 




lim Capf^{E\Kn)=0, 
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C) = for S-q.e. x E E. The countable family of £^-q.c. elements of J-" that separates the 
points of E up to an £^-exceptional set can then e.g. be constructed as in IV. Lemma 
3.11 and paragraph below]. 

□ 

Remark 3.4. In J7^ , and IW^ the ^-special property of the associated process is used in 
order to show that the process resolvent is quasi- continuous. Note that we did not use any 
^-special property in order to show that X is properly associated in the resolvent sense 
with {£. T). This is because no ^-special property is used in the proof of Theorem \3.3^ ii). 



3.2 Perturbation with kernels 

In this subsection again, if not otherwise stated we maintain the notations of section |2J 
Thus V = {Va)a>o is the process resolvent of a quasi-regular semi-Dirichlet form {A, D{A)) 
on L'^{E,n), and i?^ is the reduction operator on M w.r.t. = (Vs+Q,)a>o- 
Let P be a kernel on {E,B) such that: 

(p.l) Pf G ^(V) for all / e pB, 

(p.2) 1 - PI G S{V). 

For a > define the kernel Pq by 

PJ := Pf - aV^Pf, f G bpB, 

and 

Let Qa '■= J2'^=i Pa be the associated a-level "potential kernel". Assume that for some 
/3 > the kernel is bounded. Then the following assertions hold (see Proposition 5.2.4 
and 5.2.5. in [U): 

(i) The family U = {Ua)a>o is the resolvent of a right process with state space E. 

(ii) If M G i3 and (resp. P^ ) denotes the kernel on E induced by the reduction 
operator on M w.r.t. Uj3 (resp. w.r.t. V/j), then 

= Rp + QpRp — R^Qf^Rp . (3.3) 

Examples. A first typical example of perturbing by some kernel (see [3]) is produced by 
the /3-potential kernel of a continuous additive functional A = {At)t>o of the process 
Y associated with V, 

POO 

Qpf{x) = V^fix) := E^ / e-^'f{Yt) dA, fepB.xeE. 

Jo 

A second example is emphasized by a potential theoretical approach for the measure- 
valued discrete branching (Markov) processes; see |[5j for details. 
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Remark 3.5. (a) We have Va < Ua for all a > (i.e. V is subordinate to lA; see, e.g., 
U^) and Sipip) C £{yp) for any /3 > 0. 

(h) The fine topologies ofV and U coincide. This clearly implies that conditions (Bl) 
and {B2) are satisfied. 

(c) Assume that instead of V we start with the (5-level resolvent V/b (which is also the 
process resolvent of a quasi-regular semi-Dirichlet form) for some /3 > 0. Then 
the kernel Pp satisfies conditions (p-l) and (p. 2) w.r.t. Vp and by the resolvent 
equation we get {Pp)a '■= Pp — o^V/s+aPis = -P/3+a for all a > 0. Consequently, the 
corresponding a-level potential kernel is Qp+a which is bounded because Qj3+oi < 
and the induced perturbed resolvent is Up . 

(d) Recall that a function v G £{hlp) is called universally quasi bounded in SiUp) pro- 
vided that for every strictly positive function u G SiUjj), there exists a sequence 
(fj)jgN C SiVis) such that v = XlieN^* ^'^^ Vi < u for all i E N. We denote by 
QbdiUji) the set of all quasi bounded elements from EiUji). The following assertions 
hold (see for details): 

- If V E QbdiUp) and w G SiUp) with w <v, then w G QbdiUp). 

- Every regular Up-excessive functions is universally quasi bounded in EiUp). 

- A function v G SiUp) belongs to QbdiUp) if and only if exists a sequence 
(i'j)jeN C £{U.p) such that v = "^^ — ^l^fo for all i eN. 

- If 13 < 13' then QbdiUp) C Qbd{Up>). 

Let V be any finite measure on {E, B) which is equivalent with Note that in this 
subsection neither u nor A is assumed to have the density fo with respect to /x. Let 

cl{M) := inf {u{R^po)\ GeT, M C G}. 

as before, but 

cap^^pjM) := M{u(r';Po)\G eT, Mg G}, 

where Po = Upfo is as in section [2l Note that the second set function cap(^p^ is defined 
w.r.t. Po and not w.r.t. Vpfo as in section [2l We therefore make the following remark: 

Remark 3.6. Let u G h£{Ui3). The functional M i — > 4,uiM), M C E, defined by 

cl^^{M) = mi{i^{R'^u)\ GeT, M C G} 

is a Choquet capacity on {E,T). Clearly, if u = po then c^^ = c^. 
Then the following assertions hold. 

(a) Assume that u is a strictly positive bounded function and u G Qbd(Up). (Such a 
function u always exists, e.g., take u = Upl and use assertion (d) of Remark \3.5[ ) 
Then the conclusion of Proposition\KM holds if we replace with c^^ and condition 
[ii.a) with the following one: 

{ii.a') The topology T is a Ray one, T = Tr., and u elZ. 
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The assertion follows since by Proposition 1.6.3 in ffj/, if {ii.a') holds and A E B, 
then c(^„(yl) = u{R^u). Note that Theorem 3.5.2 from fJ^ may be applied for the 
capacity „ because condition {ii.b) is equivalent with: 

{ii.b') every Uji-excessive function dominated by u is v-regular. 

The equivalence between {ii.b) and {ii.b') is a consequence of the following facts (for 
details see sections 2.4, 3.1 and 3.2 from fl^): Since u G QbdiUp) and Upfo > 0, 
there exists a sequence ('Uj)igN in b£{Uii) such that u = '^^^ — ^pfo for all 

2 G N. The Riesz decomposition property from the cone of potentials h£{blp) is also 
used: if v E b£{Uj3) and v < XlieN""*' ^^^'^ there exists a sequence (fj)igN C b£{Up) 
such that V = XlieN "^^ '^^'^ "^^ — "^^ /^'^ a/H G N. 



(b) Suppose that po = Upfo belongs to Qbdiyp). Then the assertions from Theorem \2. 7 
hold if we assume that condition (A2) is satisfied by cap^p^ and c^. Indeed, using 
the above assertion (a) for the resolvent V instead oflA, we can apply Proposition 
\2.2\ for cap^p^, considering the Ray cone TZ such that Po G TZ. 

By (13.31) it follows for open G that 

cap^,,^(G) < c^(G) < capS+,,Q^,^JG). (3.4) 

The next result shows that condition {A2) holds in the case of perturbation with 
kernels, allowing a second application of Theorem 12.71 

Proposition 3.7. (i) Let A be the finite measure defined on E by X := u + ly o Qp. 

Then condition {A2) is satisfied by cap^p^ and c^. More precisely, if {Gn)nm C T 
is decreasing then: 

c<Po(G'n) = ^ infcJ(G'„) = 0. 

(a) Assume that Q^l belongs to Qbd{Vi3) and that /i o P ^ /i. Then the right process 
having U as associated resolvent is ^-standard in the original topology T . 

(Hi) Assume that the measure ^oQ^ charges no A-exceptional set. Then condition {A2) 
is satisfied by cap^p^ and for any finite measure X equivalent with //. If in addition 
Q13I G Qbd{Vi3), then the right process havingU as associated resolvent is fi-standard 
in the original topology T . 

Proof, {i) The implication "<^= " is clear since cap^^^ < Cy We show now that 

AoQ^<A. (3.5) 

Indeed, if / > and A(/) = then i'{f) = and ^{Qisf) = 0. Since PpQjS < Q/3 we get 
< Pf}Qf3f < Qpf = u-a.e. for any n, hence Qp{Qi3f) = Y.n=i PjsQuf = '^-a-e, i.e. 
^ o QpiQpf) = 0. Hence X{Q^f) = u{Qpf) + v o Qp{Qpf) = 0. 
Note that 

inf capf „ {Gn) = <^==^ inf r'^"po = A-a.e. (3.6) 
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Let {Gn)neN C T be such that inf„gpj cap^p^(G'„) = 0. Then by (13. 6p we get that 

inf„gN Rp^'Po = A-a.e. By (13. 5p the last equahty holds (A + A o Qp)-a..e^ hence again by 
(13. 6 p we get 

inf capf+AoQ„p.(Gn) = 0. 

From (13. 4 p applied to A we conclude that inf c^(G'„) < inf„gN cap^^^^^^^g^ p^(G'„) = 0. 

(u) Let A be as in (z). Observe that from the assumption o P ^ we deduce that 
the measures A and n are equivalent. Since Up = V^ + Q^V^, we have po = Vpfo + QpVpfo- 
As a consequence, using the hypothesis on Qpl and Remark 13.51 (d), it turns out that 
Po ^ Qbd(V/3). Remark [3.51 (6) implies that {B2) holds, while by assertion (i) it follows 
that (^2) is satisfied by cap^p^ and c^. From Remark 13.61 (6) and Theorem 12.71 (n) we 
conclude now that assertion (n) holds. 

{iii) Recall that by definition A o charges no ^-exceptional set if A o Q/^^M) = 
for any M C f]f^^^(E \ F^), where (Ffc)fc>i is an ^-nest. Since A is quasi-regular, this is 
equivalent to saying that A o charges no z^-polar sets w.r.t. V. 

Let {En)n>i be a cap^^^-nest, i.e., cap^p^(G'n) \ as n — )■ oo, with Gn '■= E \ E^. 

By the quasi-regularity of A and monotonicity of Rp'^Upfo, there exists a second nest 

{Ek)k>i such that pointwise '^^''^Upfo \ as n — )■ oo on each E^- Since by hypothesis 

the finite measure A o charges no ^-exceptional set, we get that {Ri^"U[sfo)n is a 
sequence of bounded functions decreasing to zero A o Q/^-a.e. Consequently, we have 

A o Qp(^p"Upfo) \ as n ^ oo. By (D 
hence 

Je 

It follows that cJ(G'„) \ as n — )■ oo, i.e., (£"„)„>! is a c^-nest. 

The proof of the last assertion of {iii) is similar to that of (ii). □ 

3.3 Quasi-regularity of generalized Dirichlet forms obtained by 
perturbation with kernels 

In this subsection we want to show that there exists a quasi-regular generalized Dirich- 
let form that is associated to the perturbation of the quasi-regular semi- Dirichlet form 
{A, D{A)) on L'^{E, /i) with kernels. Our results are in particular related to [161 Remark 
3.3. (iv)]. 

Let /3 > be as in subsection 13. 2[ 

Definition. We say that V satisfies the absolute continuity condition if 

Vi3{x, ■) ^ fJ. for all X E E, 
i.e. Vg(x, ■) is absolutely continuous w.r.t. for each x. 
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Remark. In finite dimensions the absolute continuity condition is typically guaranteed 
through embedding theorems of (weighted) Sobolev spaces in Holder spaces. For instance, 
it is satisfied if Haf (the Lp{E, /i) -version ofVaf), admits a Holder continuous ^-version 
for any a > and f e Lp{E; /x). 

For the rest of the section we assume that i? is a separable (and metrizable) space. 
Let {xfc; A; > 1} C -E be any dense subset and define the finite measure v w.r.t. {xk\ A; > 1} 



as 

V 

k>l 



Consider now the potential V/3-excessive measure ^ (resp. the Z^/^-excessive measure rj) 
defined as 

^ := u oVi3 (resp. r] := u o Up). 

Let further 

ptf{x) :=ptixj) := E^lfiXt)], x E E, t > 0, f E pB, 

denote the transition semigroup of the right process {Xt)t>o with state space E, corre- 
sponding to U = {Ua)a>0- 

The right process {Xt)t>o is said to be transient, if 

(T) there exists > 0, universally Borel measurable and Uo(p{x) = E^[f^ Lp{Xt)dt] < 00 
for all X E E. 

For more details about this hypothesis see, e.g., [TO] . 

If (T) holds we define the W-excessive measure rjo on E as 



?7o := o Uo, where uq := — — - — -5, 



Remark 3.8. (a) Clearly, ^ and rj are finite measures while 7]q is a- finite, provided that 
(T) holds. In addition, all these measures have full support. 

(b) Assume that (T) holds. If W is a kernel on E, then because v and vq are equivalent 
measures, it follows that the measures v oW and uq oW are also equivalent. It is 
also clear that if k is a a-finite measure then k, o Uq and k o Ua are equivalent for 
any a > 0. In particular, all the measures rj = v o Up, vqo Up, rjo = i/q o Uq, and 
u o Uo are mutually equivalent 

(c) By the complete maximum principle (cf. e.g. OOj (2.2) Proposition]) , it is possible 
to choose the function (/? such that U^if is bounded. Consequently, the measure 
XoUq is a-finite for every finite measure A on E. Therefore, one could consider the 
measure i^oUq, without normalizing constants UQ(f{xk), instead ofrjQ. This measure 
is U-excessive and could have been equally used in what follows. However, we want 
to apply results from [TBI and these are given w.r.t. the measure rj^. 
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Define 



It is known from fW, Proposition 2.4] tfiat tliere are unique extensions (Pt)t>o on L'^{E; rf) 
(resp. {j)t)t>o on L'^{E; ijq) in tlie transient case) as strongly continuous semigroups of con- 
tractions on the respective L^-spaces. Moreover the adjoint semigroup of the respective 
extensions on the L^-spaces are sub-Markovian (see [161 Remark 3.1(ii)]). Using these ex- 
tended semigroups one can define uniquely the L^-generator which in turn determines a 
generalized Dirichlet form (see [TBI Section 3]). We shall denote these generalized Dirich- 
let forms by {£^,F^), resp. (£^°, J-""). So, in particular Up is associated to {£^,F^), and 
U is associated to {£^,1^) in the transient case. 

In the next lemma we will assume that the set {xk'-, k > 1} has a special form as fol- 
lows: since the semi-Dirichlet form with process resolvent V is quasi-regular there exists 
a nest {Fk)k>i of compacts. Since E is separable each Fk is also separable. Then choose 
for each Fk a countable dense set {x^; n > 1}, and a countable dense set {a;°; n > 1} in 
E. Let 

{yn]n>l}:=[j{x^^-n>l}. 

{Vn, n > 1} is a special countable and dense subset of E. We have the following: 
Lemma 3.9. Suppose that the absolute continuity condition holds. 

(i) It always holds ^ t] <^ fi. 

(a) Let V he defined w.r.t. the special dense subset {yn',n > 1}. Then C,, rj, and fi are 
mutually equivalent measures. 

Proof, (i) Clearly ^ r]. If /i(A^) = then VsIat = by the absolute continuity condition 
and thus UjjlN = (-^ + Qi3)Vi3^n = 0, and so ^^(A^) = ly^Ujjliy) = 0. Hence r] fi. 

(ii) Let = 0. Then Valjv(x^) = for all n, k. Since /i is a- finite we may assume 
that Iat G L'^{E,fi), otherwise we choose Di E with fi{Di) < oo for any / and show 
the following for N HDi and any /. By ^-quasi-continuity of VsIat there exists an ^-nest 
{Ek)k>i such that VsIat is continuous on each Ek hence on each Fk ■= Ek fl Fk- Therefore 
by approximation V^Ia? = on IJa:>i -^fc- It follows that V^Ia? = ^-quasi-everywhere 
and so, /x(A^) = since (ya)a>o is a Co-resolvent on L'^{E,fi). □ 

The following result offers the claimed example of quasi-regular generalized Dirichlet 
form obtained by perturbation with kernels. It is a corollary of Proposition 13. 7[ 

Corollary 3.10. Let rj, and in the transient case rjQ, he defined w.r.t. any dense subset 
{xn',rL > 1} C -E", suppose that the absolute continuity condition holds, and that Q^l G 
QbdiVp). Consider the assumptions: 

(i) /i o P <^ /i. 

(ii) The measure o charges no A-exceptional set. 
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Suppose that either (i) or (ii) holds. Then the generalized Dirichlet form {S^,J-''^) asso- 
ciated with U/3 on L'^{E,ri) is quasi-regular. If (T) holds then the generalized Dirichlet 
form (£'°, J-"") associated withU on L'^{E,rjo) is quasi-regular. Moreover in either case the 
corresponding process is properly associated in the resolvent sense with the corresponding 
generalized Dirichlet form. 

Proof. By Lemma [3.91 we have r] <^ and by Remark 13.8( b) r] is equivalent to rjQ if (T) 
holds, hence we also have ijq ii (T) holds. We have /ioF^ <^ /UoP, and v4-exceptional 
sets are ^^-exceptional. According to assertions (ii) and (Hi) of Proposition 13.71 applied 
to V/3 instead of V (this is possible taking into account assertions (c) and (d) of Remark 
13. 5j in particular, from the hypothesis on Q^l we get Q2/3I < Q/3I G Qbd(V/3) C Qbd(V2/3) 
and thus Q213I € Qbd(V2/3)), the processes corresponding to Up are //-standard, hence rj- 
standard since r] <^ fi. From Remark 12.3( c) they are also r^-tight. The quasi-regularity as 
well as the proper association with the forms {£^.,J^^) follows with the help of Theorem 
I2.7( ii) as in the proof of Theorem I3.3( i) and (ii). The transient case is similar. □ 

Acknowledgments 

The first named author gratefully acknowledges support from the Romanian Ministry of 
Education, Research, Youth and Sport (GNOSIS PCCE-55/2008). 

The second named author gratefully acknowledges support from the research project "Ad- 
vanced Research and Education of Financial Mathematics" at Seoul National University. 



References 

[1] L. Beznea, N. Boboc, Potential Theory and Right Processes, Math. Appl. (Springer), 
vol. 572, Kluwer, Dordrecht, 2004. 

L. Beznea, N. Boboc, On the tightness of capacities associated with sub-Markovian 
resolvents. Bull. London Math. Soc. 37 (2005) 899-907. 

L. Beznea, N. Boboc, Feynman-Kac formula for left continuous additive functionals 
and extended Kato class measures. Potential Anal. 30 (2009) 139-164. 

L. Beznea, N. Boboc, M. Rockner, Quasi-regular Dirichlet forms and L^-resolvents 
on measurable spaces. Potential Anal. 25 (2006) 269-282. 

L. Beznea, A.-G. Oprina, Nonlinear PDEs and measure-valued branching type pro- 
cesses, J. Math. Anal. Appl. (to appear). 

L. Beznea, M. Rockner, Applications of compact superharmonic functions: path 
regularity and tightness of capacities. Complex Anal. Oper. Theory (2011) 

C. Dellacherie, P.A. Meyer, Probabihtes et potentiel. ch. I-IV, IX-XI, XH-XVI, Her- 
mann, Paris, 1975, 1983, 1987. 

P. J.Fitzsimmons, On the quasi-regularity of semi-Dirichlet forms. Potential Analysis 
15 (2001) 151-185. 



22 



[9] M. Fukushima, Y. Oshima, M. Takeda, Dirichlet forms and Symmetric Markov pro- 
cesses, Walter de Gruyter, Berlin-New York, 1994. 

[10] R. K. Getoor, Transience and recurrence of Markov processes, in: Sem. de Probab. 
(Strasbourg), vol. 14 , 1980, pp. 397-409. 

[11] R. K. Getoor, M. Sharpe, Naturality, standardness and weak duality for Markov 
processes, Z. Wahrsch. verw. Geb. 67 (1984) 1-62. 

[12] T. J. Lyons, M. Rockner, A note on tightness of capacities associated with Dirichlet 
forms. Bull. London Math. Soc. 24 (1992) 181-184. 

[13] Z.-M. Ma, L. Overbeck, M. Rockner, Markov processes associated with semi-Dirichlet 
forms, Osaka J. Math. 32 (1995) 97-119. 

[14] Z.-M. Ma, M. Rockner, Introduction to the Theory of (Non- Symmetric) Dirichlet 
Forms, Springer, Berlin, 1992. 

[15] Y. Oshima, Time- dependent Dirichlet forms and related stochastic calculus, Infin. 
Dimens. Anal. Quantum Probab. Relat. Top. 7 (2004) 281-316. 

[16] M. Rockner, G. Trutnau, A remark on the generator of right-continuous Markov 
process, Infin. Dimens. Anal. Quantum Probab. Relat. Top. 10 (2007) 633-640. 

[17] F. Russo, G. Trutnau, About a construction and some analysis of time inhomogeneous 
diffusions on monotonely moving domains, J. Funct. Anal. 221 (2005) 37-82. 

[18] W. Stannat, The theory of generalized Dirichlet forms and its applications in analysis 
and stochastics, Mem. Amer. Math. Soc. 142 (1999) no. 678. 

[19] W. Stannat, (Nonsymmetric) Dirichlet operators on L^: existence, uniqueness and 
associated Markov processes, Ann. Scuola Norm. Sup. Pisa CI. Sci. (4) 28 (1999) 
99-140. 

[20] M. Sharpe, General Theory of Markov Processes, Academic Press, Boston, 1988. 

[21] G. Trutnau, Stochastic calculus of generalized Dirichlet forms and applications to 
stochastic differential equations in infinite dimensions, Osaka J. Math. 37 (2000) 
315-343. 

[22] G. Trutnau, Skorokhod decomposition of reflected diffusions on bounded Lipschitz 
domains with singular non-reflection part, Probab. Theory Related Fields 127 (2003) 
455-495. 

[23] G. Trutnau, Multidimensional skew reflected diffusions, in: Stochastic analysis: clas- 
sical and quantum. World Sci. Publ., Hackensack, NJ, 2005, pp. 228-244. 

[24] J.B. Walsh, Markov processes and their functionals in duality, Z. Wahrsch. verw. 
Geb. 24 (1972) 229-246. 



23 



